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Section |
Multiple Choice Questions
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section
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Section |

10 Marks
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1 - 10.

1 The polynomial P(z) has real coefficients, and P(3 —1) = 0.
Which of the following must be a quadratic factor of P(z)?

(A) 7 -6z+10
(B) 7° +62+10
(©) 7 -6z+8
(D) 7°+6z+8
2 Which of the following best describes the locus of ;é =1?
(A) A straight line
(B) Acircle
© A parabola
(D) An ellipse
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An ellipse is centred about the origin, and its foci lie on the x axis. The distance
between the foci is 10 units, and the distance between the directrices is 50 units.

What is the equation of the ellipse?

2 2
(A) A ]
250 100
2 2
(B) XY
100 250
2 2
(C) XY 1
125 100
2 2
(D) XY
100 125

2 2

What is the equation of the normal to the hyperbola 1);—4—% =1 at the point

P(12secd, 6tand), where 6 = % ?

(A) X++/3y =6
(B) X—~/3y=6
(C) J3x—y =303
(D) J3x+y=30V3
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5

(A)

(B)

(©)

(D)

What is the gradient of the tangent to curve x*—xy+2y* =4 at the point (2,1) ?

Which of the following integrals is the greatest in value?

JOZ‘Zx—xz‘dx
JOZZX— x* dx
jOZ\/ZX— x* dx

JOZ(ZX - xz)3 dx
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Consider the following solid as shown below, which has a rectangular base and a
rectangular top. Which expression best represents the volume of the slice taken at
a height h cm from the base of the solid?

Not to scale.

wo 6

o et
@ e 2n
o {2
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Which of the following is always true for the continuous function f (x)?

(A) [* £ () dx =2 £ (x) dx
(B) [© () de=—["f (—x) dx
©) I: f(x)dx= I:a f (2a—x)dx

(D) ZJ':f(x)dx=faf(a—x)dx

What are the roots of the equation z°+z(2-10i)+2i-19=0?

(A) 1+2i,1-2i
(B) 1+2i, -3 +8i
(C) 1-2i, -3 +8i
(D) 1+2i,3-8i
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10 Which diagram best represents the curve y® = x* —-5x?

(A) (B)

v
B 4

x

A
\/

(C) A y (D) Ay

ol 4
ol 4

END OF SECTION |
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Section |11

90 Marks

Allow about 2 hours and 45 minutes for this section

Answer Questions 11 — 16 in separate writing booklets.

Question 11 Start a new booklet

(@)

(b)

(©)

(d)

Consider the complex numbers z=—-/3+i and w=8+8i.

(1)  Write zand w in modulus argument form.

3
(i) Express (i—)g in Cartesian form.
w

Find the solutions to z* +2(1+i)z+(3+6i)=0 in simplest Cartesian Form

Sketch and describe the locus of all points z which satisfy the equation

lz-4-i|=4

. 1

Question 11 continues on page 9.
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Question 11 (continued)

(e) Consider the geometric series:
1+lcise+1(ci50)2 +i(ci50)3 +...
3 9 27

(i)  Explain why this series has a limiting sum.

(i)  Hence, show that:

9sind

sin0+lsin2¢9+lsin3¢9+...=—
3 9 10-6cosé

END OF QUESTION 11
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Question 12 Start a new booklet 15 Marks

(@)

(b)

(©)

(d)

Let there be two arbitrary complex numbers z and w.

(i)  Sketch the complex numbers z, wand z + w on the Argand diagram, 1

representing each as a vector.

(i) Justify why |z +w|<|z|+|w| 1

(iii) If ||=10, prove that [13z° - 27 +5|<1325 2

Let a polynomial p(x) have a root o of multiplicity m. That is, we can represent the

polynomial as p(x)=(x-a)" xQ(x), where Q(x) is another polynomial.

(i)  Explain why Q(«)#0 1
(i) Prove that p'(x) hasaroot o of multiplicity exactly m — 1. 2
(iif) Giventhat f(x)=2x*-15x>+42x*-52x+ 24 has a triple root, 2

find all the solutions to f (x)=0.

The roots of the polynomial 3x*-9x*+7x-1 are «, § and y . 3

Find the cubic polynomial with roots a+ B,a+y and S+ .

Itis given that f (x)=x®—6ax+3b has exactly three distinct real roots. 3

Show that 9b? < 32a°.

END OF QUESTION 12
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Question 13 Start a new booklet 15 Marks

(@) Consider the graph of y = f (x) shown below.

Sketch the following graphs on separate one third of a page diagrams.

M y=[1x] 2
(i) y=yf(x) 1
(iii) y:f(lx) 2
(V) y=1(lx) 1
V) =]t (x) 2
(i) y:f(%} 2

Question 13 continues on page 12
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Question 13 (continued)

(b) Consider the area bounded by the curves y=6x-x*> and y=x+4.

(i)  Sketch the two graphs on the Cartesian plane, clearly labelling any

points of intersection.

(i)  The area described above is now rotated about the line x = 1.

Find the volume of the solid formed.

END OF QUESTION 13
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Question 14 Start a new booklet 15 Marks

2 2

(@) Consider the ellipse %+§=1.
(i)  Consider a point P which lies on this ellipse. Find the equation of the 2

normal at the point P.

(i)  The normal at P now intersects the x-axis at the point N. 3

Prove that NS = ePS, where S is the focus of the ellipse.

(b) Let z=cis@d.

(1) Provethat z"+z™" =2cosnd. 1

(i)  Given that all the roots of the polynomial 12z* —23z° + 342> -23z+12=0 3

have a modulus of 1, find all solutions to the polynomial equation.

(c) Find: Icos(\/;) dx 3

Question 14 continues on page 14
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Question 14 (continued)

(d) Letz, z,and z, be three arbitrary complex numbers represented by A, B and C

respectively on the Argand diagram shown below:

Im(z)

>Re(z)

(i) By considering the vector AC and AB, show that:
o= arg [i)
2~

(i) Hence, by finding equivalent expressions for g and y , deduce that

the angle sum of a triangle is ~ radians.

END OF QUESTION 14
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Question 15 Start a new booklet 15 Marks

2 2
(@) Consider the hyperbola %—ézl with the point P(asecd,atan®).
(i)  Provide a neat sketch of this hyperbola, showing all key features such as 2

the foci, intercepts with the co-ordinate axes and the directrices.

(i)  We can represent the above hyperbola on the Argand diagram with the 1

complex number z=asecd +iatand. Explain the geometrical relationship

between this complex number z, and w=z xCiS%.

(iif)  Find in Cartesian form the complex number w =z xCiS%. 1

(iv) Hence prove that the locus of the complex number w = x + iy is given by: 2

2

Xy =%
2

(b) Consider the graph of xy = 8. The line L is defined to be the line which is 4
perpendicular to the major axis of the hyperbola and passes through the focus in
the first quadrant. The area bounded by the curve and L is rotated around the line

y =X in order to form a solid. Using part (a) or otherwise, find the volume of the solid.

Question 15 continues on page 16
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Question 15 (continued)

(c) Given I, = Ieax cos” x dx,
(1)  Show that:

(a®+n?)1, =e™cos"* x(acosx+nsinx)+n(n-1)1 ,

(i) Hence find: [e” cos’ x dx

END OF QUESTION 15
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Question 16 Start a new booklet 15 Marks

(@) Consider any concave down function such as y = f (x) shown below.

X
A and B are points the curve y = f (x)with the x values x, and x, respectively.
Furthermore, it is known that x, < x, .
(1)  Show that the point P which divides the interval AB in the ratio A,: 4, 1

where 4 + 4, =1 is given by:

P(ﬂ'lxl—’_ﬂ'ZXZ' AT (%) + 4, f (Xz))

Question 16 continues on page 18
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Question 16 (continued)

(i)  Hence, or otherwise, explain why

A F(x)+ 4T (%)< f(AX+4,%)

(i)  Using (i) or otherwise, prove by mathematical induction that for any

concave down function g(x):

g(x1)+g(x2r3+...+g(xn)Sg(xl+x2:...+xnj’ for n>2

(b) Suppose that A, B and C are the angles of a triangle.
Prove that:

() tanA+tanB+tanC =tan AtanBtanC

(i)  cosA+cosB+cosC =1+ 4sin[§jsin(%)sin (%j

(c) By considering parts (a) and (b), in conjunction with the function h(x)=In[sinx]
Prove that if a+b+c=abc:

1 N 1 N 1
Ji+a® J1+b® J1+c?

3
<=
2

END OF EXAM
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Quechon 1.
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= 35— w;!x (360[1 +4rmx ) -fﬁ[’—s (@“wn(}mﬂ +20mu) +2 fezxdn)J

= I, 3 12,3t 2 3
= 25 € 00rx (Boorx +HMX) + 520 or (5mru¢2¢1nx)+32_‘; & wc
= Loy 12 3 fe*

25 € o0’ (30000t 4mx) + 5aq O o0n (3o +2mr) + — 5 TC



Gueshon 1b.

i) a(x, 1)) B(x.,+M))

X
Rahe: AN
p: / Muthh O p00) 4+ Afl) )
AN At h

But A + A =1

P[/\,X,+)\Jz, )\I-f-(;.,)_,,\,-f{x,))

As the Pancon - concave down
indhe rferval AL AL,

e funcron valwe w Jarger
+han the 7—va/ue of th pomt

wm e gaat af x= A%+ A,

in

SO 4 XFOG) £ F O, + )
“for @ concave down Fwclion

1 Ft)

i”) kTP' (}{,) i [I;)"/-»-'f [In) é ?(X,TKL""'_’-){" ) 7LVV ”72'
n

n

Jtep): Prove tvw for n=2

LHs= q00)+90%)
2

= Lgin)+4g(n) \<j(—2Lx, +%,) (gy i)

- 3(222) <o

= atement v T fv =2



Prep2: houme Wi n=k ; k€2 ; k72 .

40n)+9ln)+- +9 () o (1,—]-)(,_-1»‘.—1'-)(,‘ )
k b j k

J#epJ: Prove Trve For n=k+/

RTP: 40 )+ q(0) +--- + 9(x) + §(Asn) < j(w)

k|
k+]
_q0n,)+490n)+--+40x) i(zk-n)
IH = J HZ g ] /Nm: Mtho= kLo
! ) k-1
k Nt Ak b
$ (k) g( k ) - K+ ﬂ()l/‘rﬂ) (ﬁy Aumption )

Xa

IN

k XAty A L .
ﬁ [C_@)V(i%__k) T e (X'L*')] Wy (ii)

7(,‘/’1;_-4'-- 'f'1 -+
(A )
e+

o tue for = KA

1

SkepHt: Conciurion-

Hendt, e (fatemant € Tvm for n€7£ J nz2, by maucton



b)l) i AB3C ae anqk/ of a anf/e,, (= TT-(A+8) fﬂnyledum oFf 4 -/7/'0,,(7/( 57/';_

Hi=  tanA+T1anB +Tan (
= fonh +7mm 8 —r’lZln[‘”—[A—fB)]
= fand +1an8 — fan(A+8)
anb
= fanA +fan B — [ Tank + 7007
|— TonA fan8
(4anA +1anB)(|—1anAtan8) —tanh —T2nB
( /- TanhTant)

— tanAtanB (fanA-+1ans)
|—tanhtan 8

= —tanAtan8 Tan (A+8)

= AanA+anB 1an[T-(A48)]
= Aanf-fan8 toan C  =RHS -

U aihvaranca o han(Ejon(E) on(S) Note: C=T—(A+8)
L _T_ (A18)
Wote: o5 (X+Y) + 007 (X=) = Zeor XcosY 2720 3

let X= AtB v _ A-B o PtB T ¢

= T 2 % z

Cos A+ corB= Zwr("{_’g)m(ﬂT‘%)

Jo [HS = cosA+ cosB—+oosC

= 2008 (,4%5) oos(AE) + 60;(7r— (#+48))

2005 (228 )oos (AF) — gos(n+9)

20 (B) (52 ) = (20 (2 ) - 1)
o0 (B2 ) s (A5E) — 200 (22 ) +/

1+ 200 (222) [o5(&-2) = ws (4 +5)]

)+ 200 (%) [ 2m(&)an(2)]

)|

"

]

I+ (5 )an(5) am(£) = ey,



b K papec= ane,

tn  we make Ay substitution

a="Tamh, b=1mmB, C=+tm (; whe HAB3Care "t dngls of 4 Trangle.

[+ne  constramt 15 Safirfred by (i)]
i I

N +
IO,‘ L= Vivrara  Ji+1ang Ji+7anc

= corh+ cosB +cos C

= |4 4JIVI(%)JM[_§)JM(—§—) (Mﬂﬂﬂ b)i‘/))

Contioler ~ hin) = In[emn]

) OOIX _
h'(n)= Ty = owotr

h')= — oorec’x €0 o allx

2 h(x) =M [rn] 15 Concave oown.

MM < w(gi;i)}
Lo {J'"(%)mn[%)xﬁn[é)] 3 [m(})] w ABAC=T
In [on(&)amig)on%)] < in[C2)']
ol )an(2)m($) < F-
S LHE= - Aon (B)om (B )om (L)

it <)t 5 (g) = 14 =92
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